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February 9, 2004

Abstract

We consider tests of multinormality which are based on the Ma-
halanobis distance between two different location statistics and on a
distance between two scatter matrix estimates. Let X = {x1, ...,xn}
be a random sample from an unknown continuous k-variate distri-
bution. We thus wish to test the null hypothesis of multinormality,
that is, the hypothesis that the unknown distribution where the data
come from is a multivariate normal distribution Nk(µ, Σ) with some
(unknown) µ and Σ.

Write AX + b = {Ax1 +b, ..., Axn +b} for a positive definite k×k
matrix A and a k-vector b. A vector valued statistic T = T (X) ∈ Rk

is then called a location statistic if it is affine equivariant: T (AX +
b) = AT (X)+b for all choices A and b. A matrix valued statistic C =
C(X) is said to be a scatter statistic if it positive definite symmetric
k × k-matrix and affine invariant in the sense that C(AX + b) =
AC(X)AT for all positive definite A. In the following we assume that,
under the hypothesis of multinormality Nk(µ,Σ), all location and test
statistics (T and C) considered are weakly consistent estimates of µ
and Σ and

√
n(T − µ) and

√
n vec(D − σ) have multivariate normal

limiting distributions.
Let next T 1 and T 2 be two different location statistics, and C, C1

and C2 different scatter statistics. The test statistics considered are
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then the Mahalanobis distance between the observed values of T1 and
T2,

D1(T1, T2) = ||T1 − T2||2C ,

and a distance between two scatter statistics C1 and C2,

D2(C1, C2) = ||C−1
1 C2 − Ik||2F .

Here || · ||C is the Mahalanobis vector norm with a metric given by the
scatter matrix C, and || · ||F is the Frobenius matrix norm (||A||2F =
Trace(AT A)).

Asymptotic theory is developed to provide approximate null dis-
tributions of the test statistics as well as to consider their asymptotic
efficiencies. Limiting efficiencies under certain contiguous sequence of
contaminated normal distributions are found and the efficiencies of
the new tests are compared to those of some classical tests. The effi-
ciencies of the tests then naturally depend on choices of T1, T2, C, C1

and C2; good efficiencies are obtained if the distances are between ro-
bust and non-robust statistics. Simulations are used to compare finite
sample efficiencies. The theory is illustrated by examples as well.

2


