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Problem 1.2 (a) Solution:

E[(Xng1 — f(X1, - Xa))?1 X0, - - -, X0
:E[<Xn+1 - E(Xn+1> + E<Xn+1) - f(Xla T '7Xn))2‘X17 T 7Xn] (1>
:Var(Xn+1|X17' ' '7Xn) + (E(Xn+1|X17 o 'aXn) - f(Xh' ' 'vXN))2

Therefore, minimize the function E[X, 1 — f(X1,- -, X)Xy, - -, X,] is
equivalent to minimize ((E(X,41) — f(X1,- -, X0))?| X1, - -+, X5)

Then we have f(Xy, -, X,) = E(Xp1| X1, -+, X5)
Problem 1.2 (b) Solution:
minB[(Xo 1 — (X1, Xoi)))
=minE[E[(Xn = f(X0, - X)) 1 X0 - X
i B[V ar (X X, Xol) - (B() = (60, X)X, X
=EVar(Xpn|Xy, -+ Xa)] + minB[(E(Xu) = f(X, - Xa) X, -, Xl
(2)

And because (E(X,11) — f(X1,- -+, X,))? > 0, that means E[(E(X,1) —
F(Xq, - X0))? Xy, -+, X,] > 0, therefore, the minimal value should be 0,
when f(z1,- -, X)) = E[Xp1| Xy, - -, Xo)]

Problem 1.2 (c¢) Solution: Directly use Problem 1.2 (b), we get the
answer should be E[X,, 1| X1, -+, X,,| = p. for X3, Xo, - -+ are IID with
mean 0 and variance o>

Problem 1.2 (d) Solution: Suppose the estimator is =", d;X;,
where d;s are constant numbers.Therefore, by unbiased condition, we have

E(p) = Z diE(X;) = MZ d; (3)
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We can get >, d; = 1 In order to have best unbiased estimator, we need
the smallest variance. And

Var(p) = Var( ZdX =0 Zd2 (4)

Therefore
min(Var(f)) = min Z dz (5)

Condition on )", d; =1

minzn:dl2 = minzn: |d;|? (6)
i=1 i=1

n n

ST > (3 Iy

=1 i=1

And

3I>—‘

> Zd (7)

The equality holds when all the d;s are 57 that means our unbiased estimator
is X

Problem 1.2 (e) Solution: Similar as Problem 1.2 (d). Here we need
suppose our predictor X,41 =Y ., d;X;, with >  d; = 1, in order to be
unbiased for u.

Then
E(Xp1 — Z d; X;)
i=1

=E(Xp1 — X+ X — i d; X;) (8)

i=1

—F(Xpi1 — X)? +2B(Xpy1 — Zd X))+ E(X Z di X;)?



The second term:

E(Xp1 — X)(X — En: d; X;)

=Cov(Xpi11 — X, X — Z d; X;)

=1

=Cov(Xyi1, X) + Cov(X, Z d; X;) — Cov(Xy41, Z d; X;) — Cov(X, X)
i=1 i=1

_9 d; — 1 2,52
T2
=0
(9)
Then, we get
E(Xpy1 — Zdin‘)2 > E(Xp1 — X)? (10)

i=1
for any Y0 | d;X;, ie. B(X,11 — >, d;X;)? minimize at Y d;X; = X
Problem 1.2 (f) Solution: From Problem 1.2 (a), the minimum MSE
predictor of S,;1 given Sy, - - -, S, is:
E(Sn+1|517 T Sn) :E<Sn + Xn+1’517 ) Sn)
:Sn + E(Xn+1|517 ) Sn)
:Sn + E(Xn+1>

(11)

Problem 1.4 solution

(a)Yes, it is a stationary process. uy = a
(6% + *)o?, ifh=0;
vx(h) = Cov(Xy, Xo) = { beo?, if |h| = 2;
0 otherwise.
(b)Yes, it is a stationary process. pux = 0 and yx(h) = cos(ch)o?
(c) If C'# kmw NO, it is not a stationary process. pux =0
vx(t + h,t) =E[Z, cos(ct) + Z;_1 sin(ct)][Zign cos(c(t + h)) + Zyip_qsin(c(t + h))]
=cos(ct) cos(c(t + h))E[Z; Z 1] + cos(ct) sin(e(t + h))E[Zy Zpyp-1]

+cos(c(t + h)) sin(ct) E[Z,_1 Ziwn] + sin(c(t + h)) sin(ct) E[Z-1Zi4h-1]
(12)



Therefore, we have:

o? it h=0;
cos(ct) sin(c(t +1))o? if h =1;
cos(c(t — 1)) sin(ct)o? if h = —1;

0 otherwise

5¢ (t + h, t) = COU(Xt+h, Xt) =

d) Yes, it is stationar t) = a, and t+ h.t) = bc?
; Y, Ux ) Tx )

(e) If ¢ # km,then it is not stationary. px(t) =0 and

vx(t + h,t) =E[Z3] cos(c(t + h)) cos(ct)
= cos(ct + ch) cos(ct)o? (13)

(f) Yes, it is stationary. And pux(t) =0

o, if h=0;
Yx(h) = Cov(Xpye, Xi) =<0, if || =1,

0 otherwise.

Problem 1.5 Solution

(a) We can directly use our result in Problem 1.4 (a) with a = 0,b=1,c¢ =
6 = 0.8. Therefore, the answer is px () = 0 and

1.64, if h = 0;
’yX(h) == COU(Xh+t7Xt) == 0.8 if |h| = 2,
0 otherwise.

And the correspondence autocorrelation func. is:

1, it h=0;
px(h) = Cor( Xy, Xi) = 19751 if || = 2;
0 otherwise.
(b)
1
Var[Z(Xl -+ XQ + X3 —+ X4>]
1
:EE(Xl + Xy + X5+ X,)?
_1 2 (14)
_1—63(0.820 + 182y +0.82_y + 187y + Zs + Z4)
1
:E(OBQ +1.824+0.8+1.82+1+1)
=0.61



(c) When 6 = —0.8

1
VCZT’[Z(Xl + XQ =+ X3 + X4)]

1
=—FB(X, + X5+ X35+ X,)?

16
1 2 (15)
=1 B(-0820+0.221 = 0.82.1 + 022> + Zy + Z4)
1
:1—6(0.82 +1.8°4+0.2°+02° +1+1)
—=0.21

Problem 1.14 Solution:
To show the filter passes third-degree polynomials;
Z(aj) =
, 1
Z(]aj) = §[2—4+0+4—2] =0

1
Z(j2aj):§[—4+4+0+4—4]:0

(-1+44+3+4-1)=1

Nej

(16)

Z(j3aj):%[8—4+0+4—8}:0

That means the filter passes 3-degree polynomials.

To show the filter eliminates seasonal components with period 3, S; = Sii3
3
and Y0, (S1) = 0

2
N 1
St - E a]-SHj 25[—151572 + 4St71 + 351} + 4St+1 - St+2]

j=—2

(17)



Problem 1.15 Solution:
Part (a)

vV Vi X; =(1 = B)(1 — B%)(a + bt + s, +Y;)
(1—B— B2+ BY)(a+bt+s +Y)
(a+bt+s,+Y)—(a+bt—1)+s_1+ Y1)
—(a+b(t —12) + s;-12+ Yio12) + (a +b(t — 13) + 5413 + Yi-13)
=b(t—t+1—t+124+t—13) 4+ (st — St—1 — St—12 + St—13)

+ (Y =Y — Y12+ Y1)
=Y, = Y1 —Yi 1o+ Y3

(18)
Therefore, we can get the mean function is:
E(VVieX)=EY, =Y 1 —Y 1+Yi13)=0 (19)
And

Cov( V12 Xitn, V Viz2 Xi)
=E[(Yien — Yicren — Yiciomn + Yicis1n) (Ve — Yior = Yico + Yioas)]
=E[Yi 1Y) — ElYinYio1] — ElYimnYio12) + E[Yiin Y13

— ElY; 1Y + ElYio140Yia] + ElYic140Yi12) — ElYic14nYi13)

— ElYi_1040Yy] + ElYic124nYia] + ElYic1048Yio12] — E[YinYio13)

+ ElY_1311Yd] — EYic134nYio1] — ElYic1s4nYi—12] + EYi—1340Yi-13]
=y(h) —v(h+1) —v(h +12) + y(h + 13)

—y(h—=1)+~v(h) +y(h+11) — v(h + 12)

—(h—=12) +~y(h = 11) + v(h) = v(h + 1)

+v(h = 13) = y(h —12) = y(h — 1) + 7(h)
=4y(h) —2y(h—1) =2y(h + 1)+ v(h — 11) + y(h + 11) — 2y(h — 12)

—2v(h +12) +~v(h — 13) + v(h + 13)

(20)

Where v(h) is ACVF. From above, we can see that it is stationary time series.



Part (b)

Vi Xe =(1 — B®)*((a + bt)s, + Vi)

(1 —2B"2 + B*)((a + bt)s, + Y))

(a+bt)s +Yy)

—2((a+b(t —12))s4-12 + Yi_12)

+ ((a+b(t —24))s_94 + Yi_24)

=(as; — 2as; + asy) + (bts; — 2bts; + 24bsy + bts, — 24bs,
+ (Y —2Y_10+ Yio4)

=Y; —2Yi 12+ Y04

Therefore, we can get the mean function is:
E(Vi2X:) = B(Y; = 2Yio12 + Yiooa) = 0 (22)
And

Cov(ViaXitn, V12 X1)
=E[(Yirn — 2Yic104n + Yicoatn) (Ve — 2Yi12 + Yio4)]
=EY nYy] = 2E[Yi 1 Yi-12] + E[YiinYi—o4]
— 2EYih-12Y3) + 4B Y1048 Yi—12) — 2E[Yi 1248 Yi—24]
+ E[Yi—o44nYy] = 2E[Y 0441 Yi12] + E[Yi—2411Yi—24] (23)
=y(h) — 2v(h +12) + y(h + 24) — 2y(h — 12)
+ Ay(h) — 2y(h + 12) + y(h + 24) + y(h — 24)
— 2(h— 12) +1(h)
=67(h) — 4y(h +12) + y(h +24) + ~v(h — 24)

Where 7(h) is ACVF. From above, we can see that it is stationary time series.
Problem 2.1 Solution:

The best predictor is in the sense of MSE. So let the best predictor of X,
be I(X,) = aX, + b. Then it minimize E[X,, — aX, — b]?

8E(Xn+%;axn_b)2 = —QE(Xn+h —aX, — b) (X”)
6E(Xn+ha—baXn_b)2 — _2E<Xn+h — aXn - b)

Then we have:

E(XpinX,) —aB(X2) —bE(X,) =0
E(Xnyn) —aE(X,) —b=0
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Therefore, we can get:

—
S
I
=
U=
Sy
[ V)
I
e
S
>
N—

Problem 2.2 Solution:

The mean function is:

px(t) =E(Xq)
=FE(Acos(wt) + Bsin(wt))
= cos(wt)E(A) + sin(wt)E(B)
=0

(24)

And the autocovariance function is:

vx(h) =Cov(Xiin, Xi)
—B[(Xupn — E(Xeon)(X, — E(X,)]
=E(X1nXt)
=F[(Acos(w(t+ h)) + Bsin(w(t + h)))(A cos(wt) + B sin(wt))]
=FE[A%cos(w(t + h)) cos(wt) + ABsin(w(2t + h)) + B*sin((t + h)w) sin(wt)]
= cos(w(t + h)) cos(wt) B(A?) + sin(w(2t + h))E(AB)
+sin((¢ 4+ h)w) sin(wt) E(B?)
=cos(w(t + h)) cos(wt) + sin(w(t + h)) sin(wt)
= cos(wh)

(25)

Which is independent of t, that means X, is stationary. And we can see that
r(h) is autocovariance function of it, that means it is nonnegative definite.



Problem 2.3 Solution:

Part (a): The ACVF is

vx(h) =Cov(Xiin, Xt)
=E(Xopn — EXyyn) (X — EXy)
—E(Zisn +0.3Zpsn1 — 04Z1in_s — 0)(Z, + 0.3Z_y — 0.4Z,_5 — 0)
—E(Zyp, + 0.3Zin1 — 04AZpen2)(Z + 0.3Z,_1 — 0.4Z,_5)
=E[ZyynZy + 0320211 — 0424412y —o
4 0.3Zn 170+ 0.09Zs 51201 — 012701 Zso
—04Zp—2Zy — 01272 9 Z 1+ 0.16Z 27, _o)

1.25, if h =0
~Joas, if|h =1
) —0.4, if |n] =2;

0, otherwise.

(26)
Part (b): The ACVF is

vx(h) =Cov(Yiin, Y2)
=E(Yipn — EY,)(Y; — EY))
—E(Zpypn —1.2Zpy — 1.6 Zyp9 — 0)(Zy — 1.2Z, 1 — 1.6Z,_5 — 0)
=E(Zyon —1.2Z 01 — 1.6 Zn-9)(Zy —1.2Z,_1 — 1.6 Z,_5)
=E[ZynZy — 122121y — 1.6 211021
—1.2Zpin1Zy + 1442 p 1 Zy 1 +1.92 74 5124 s
— 1.6Z1yn—2Zs + 1.92Zy 12241 + 2.56 244 n-27Z1-2)

1.25, if h =0;
~ 018, if |h| =1;
] —04, if|hl =2

0, otherwise.

(27)

Compare with part (a), we can see that the Auto Covariance Functions are
the same.



Problem 2.5 Solution:

We firstly prove convergence in mean square. Because it is a stationary
time series, we suppose F[X;] = u. By Cauchy Criterion, we can get:

hm E[Sm - Sm-i—p]Q

m,p—00
m-+p
= lim E[ > X,
m,p—00
Jj=m+1
m—+p
= lim E[ > X,
m,p—00
Jj=m+1
m+p m+4p

= lm Bl D, D 0 Xnm X

j=m+1l=m+1

m+p m+p
~dm >0 S OB, X,
j=m+1l=m+1 (28)

m+p m+p
= lim Y > 00N+
P j=m+1l=m+1
m+p m-+p
< lim Y > 106G -0+
P j=m41l=m+1
m4p  m+p '
< dim SN eHIAG - D)+ ]
P j=m+1 l=m+1
m4p  m+p '
< lim o > 0T [(0) + )
e L I=mt1
=0 (because 0] < 1)

Now we prove it is absolutely convergent as m — 0. The absolutely

convergence here means the series 322, 67| X,,_;| < oo almost surely i.e.
with probability 1. It is equivalent to prove

E[Z 6711 Xn—sl] = D 16| B[ X0myl] < o0 (29)

J=1
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And:

D 1671 El X ]]
j=1

< Z 16711/ B[ X512 (30)

SZWIVW(OHM

<oo (because [0 < 1)
Therefore, we can have absolute convergence.
Problem 2.14 Solution:
Part (a) Solution: Now we have the stationary time series
X; = Acos(wt) + Bsin(wt)
with u(t) = 0 and yx(h) = cos(wh)
By the property of P, X, ., we know
P X1 =p+ a (Xy + p)

7x (1)
7x(0)
= cos(w) X,

=p+ (X1 4 p) (31)

And its mean square error is:
E[X5 — PiXo]” =7(0) — a1 (1)
=1 —cos’w (32)
=sin’w
Part (b) Solution:

Py Xopy =p+ ai(Xe — p) + aa( Xy — p)

“la ag}[ﬁj}

—n(0r3 | 3

= [ cos(w) cos(2w) | Sinzl(w) { —cols(w) —Cols(w) } [ % }

=2 cos(w) Xy — X3
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And its mean square error is:

E[X3 — P,X3]* =v(0) — ayya(1)

| (34)

Part (c) Solution: Because we have X, = 2cos(w)X,, — X, 1,
therefore, by properties of P,, we can get P, X, 11 = X,41, and its mean
square error is 0.
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Problem 2.16:
The data plot is like this:

& 1TsM 2000

File Transform Model Regression Statistics Garch Forecasting  Smooth  Spectrum  Plob Window  Help

e | O a2 e e e | | | | | e[|

T429-Time Series Analysis\tsm\sunspots.tsm

Series

‘( 43,667, . 11296E+03 )

MFila Transform Model Regression  Statistics Garch  Forecasting  Smooth  Spectrum Plot Window  Help =
il =) = e e e P e P = = e e e = ele= T e =ietly 1111}
Sample AGF Sample PACF
1.00 1.00

.80 .80+

B0+ G0

40 404

204 q-fp--me---e- ’H’ ----------------------------------------------- E i e X X et

wllll] | wlll | |||||||., S S -

SIS H St [ B e B i

-.404 -404
- 604 - a0
_aod - a0
-1.00- T T T T T T T T -1.00- T T T T T T T T
a 5 10 158 20 28 30 35 40 o a 10 148 20 24 30 34 40

Subt Mean [(5.5112, 66444 )




The AR(2) model we fit is:

ITSM 2000 - [Preliminary estimates: FE\STATA29-Time Series Analysis\tsm\sunspots.tsm] £
in File Transform Model Regression Statistics Garch Forecasting Smooth  Spectrumn Plob ‘Window  Help - 8 x
[ O o 2 e e o | | e | I L o [ |

Hethod: Yule-Walker

ARMA Model:

Hit) = 1.318 X(t-1) — .6341 H{t-2)
+ Z(t)

WH Variance = .232895E+03

AR Coefficients
1.317501 —.634121

Ratio of AR coeff. to 1.96 * (standard serror)
8.693289 —4.184136

(Residual SS5)-H = . 232895E+03

WH variance estimate (Yule Wallker): .289214E+03

—2Log(Like) =  830925E+03
AICC = . 937175E+03

CHERTHEFRI\STAT429-Time Series Analysisitsmisunspots.tsm Subt Mean ( 40.554, 1.0583 )
f... - BB Adohe A v T 2 " & er i 1 en BT & L7, | 10s0

And finally, the Model ACF and model PACF compare with Sample ACF and PACF is:

ITSM 2000 - [ACE/PACF: C:\&E T R FE\STAT429-Time Series Analysis\tsm\sunspots. tsm]

l_ File Transform Model Regression Statisktics Garch  Forecasting  Smooth  Spectrum  Plob Window  Help - O x
e | O [ || 2| e o | e o | k| | | S| | B | e | | | | D | 2 | oo [ | - o
Sample ACF Model ACF Sample PACF Maodel PACF
1.00 1.00
.80 .80+
.60 .50+
40+ 404
.20 EHGGEEEEEEEE T e e e e o e e e e i e e 1 o - e e e e e e
00 || l|I |-r|||.|||ll|‘ J||||||H|| o |||||||I'|I'|||'|||||||"|I |I|"|I
20 gy B It =1 el Rl
-.404 -.404
-.604 -.604
-.B04 -.804
-1.00- T T T T T T T T -1.00-— T T T T T T T T
u} 5 10 15 20 25 20 a5 40 u] 5 10 15 20 25 20 35 40

Subk Mean



