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SUMMARY

This paper considers an extension of M-estimators in semiparametric
models for independent observations to the case of longitudinal data. We
approximate the nonparametric function by a regression spline, and any M-
estimation algorithm for the usual linear models can then be used to obtain
consistent estimators of the model and valid large sample inferences about
the regression parameters without any specification of the error distribution
and the covariance structure. Included as special cases are the analysis of

the conditional mean and median functions for longitudinal data.
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1. InTRODUCTION

Longitudinal data arise frequently in biological and economic applica-
tions. In this paper, we consider an experiment with m subjects and n; obser-
vations over time for the ith subject (+ = 1,...,m) for a total of n = 31", n,
observations. Fach observation consists of a response variable y;; and a co-
variate vector z;; € RP taken from the ¢th subject at time ¢;;. We assume
that the full dataset {(x;;,vi;,ti;), ¢ = 1,...,m,5 = 1,...,n;} is observed

and can be modelled as
vij = X560+ folti;) + 4, (1.1)

where 3y is a -vector of regression coe cients, fy is a smooth function, and

;; are random errors. We assume without loss of generality that the ¢;; are
all scaled into the interval ,1. We further assume that the observations,
and therefore the ;;, from the di erent subjects are independent. The form
of the error distribution and the dependence structure among the repeated
observations from the same subjects are not specified.

A number of authors have studied models in the form of (1.1) under some
additional assumptions or restrictions. If the nonparametric component fqy
is known or not present in the model, a vast amount of literature is available
for the analysis of linear models with repeated measurements under Gaus-
sian errors. The current version of RO MIXE from the SAS Systems
can be used for estimation and inference for such models with or without a
known covariance structure for the errors. Liang  Zeger (1 ) introduced
estimating equations for a wider class of distributions. If fy is unknown

but there are no repeated measurement, i.e. n; = 1, this is a partially linear



model considered by Heckman (1 ), Speckman (1 ) and He Shi(1 )
among many others. The semiparametric model (1.1) is especially useful for
longitudinal data analysis as the level of a response often depends on time
in a nonlinear fashion. Zeger iggle (1 ) used a semiparametric mixed
model to analyse the cell numbers in HI  seroconverters where fj is
estimated by a kernel smoother. Moyeed iggle (1 ) investigated the
rate of convergence for such estimators. Zhang et al. (I ) proposed a max-
imum penalised Gaussian likelihood estimator in which the nonparametric
fit over t is a smoothing spline. These methods for semiparametric models
in longitudinal data analyses are appropriate when some random e ects are
of interest with ;; = 5 i + ij, where the ; are random e ects and the

;; are additional covariates available in the analysis; one can estimate the
variance components together with the fixed e ects in the regression. The
methods are also designed to work well when the variables ; and ;; are
Gaussian. A marginal approach was recently given by Lin  Ying ( )
who developed a class of least-squares-type estimators for 3y even if it is
time dependent. As is well known in the robustness literature, estimation
and inference based on least squares are highly sensitive to outliers in the
data. Fellener (1 ) considered robust estimation of variance components.
Welsh  Richardson (1 ) reviewed a number of alternatives to robust es-
timation of mixed models, including the M-estimators. Further studies can
be found in Richardson (1 ). Most authors aim to achieve better e ciency
by making use of a parametric form for the covariance structure among the

repeated measures from the same subjects. The unstructured option in



SAS roc Mixed assumes a common but arbitrary covariance structure for
all subjects and thus is also parametric in nature, with only finitely many
parameters. When these parametric assumptions do not exactly hold, as is
usually the case in practice, the estimates of standard errors and any infer-
ence based on them are not consistent. The purpose of the present paper is
to show how a simple M-estimator of the semiparametric model can be used
when no distributional or dependence structure is assumed.

We consider an M-estimator of (o, fo) as the minimiser of

o ws XgB 0 )} (1)

i=1j=1
over 3 € R? and a space of regression splines for f, where is a loss function,
typically chosen to be convex with the minimum at () = . As with
the estimating equation approach of Liang  Zeger (1 ), the estimator
makes no reference to the dependence structure among the observations and
is computed the same way as for independent data, which leads to clear
computational advantages. Unlike the general estimating equation approach,
our approach allows us to choose for estimating some specific aspect of the
conditional distribution while avoiding the multiple root problem. In | we
present a computational procedure for the estimator and discuss the choice
of . Section shows consistency of both the parameter and the function
estimators and considers large sample inference about the parameter F,. We
show that the estimator of 3y is asymptotically normal and its asymptotic
variance-covariance matrix can be consistently estimated. On the other hand,

the covariance structure within the subjects is not estimable without further

assumptions on the model. A simulation comparison and an example of a



longitudinal hormone study are given in  to illustrate the e ectiveness of

the proposed method. Some technical details are provided in the Appendix.

. E 1vaTion Rroc puR

We propose to approximate the nonparametric function fy by a regression
spline and to estimate both the linear parameter 33 and the spline coe cients
by an M-estimator. The computational procedure is the same as that used
by He  Shi (1 ) because of the working independence assumption.

Splines are piecewise polynomials that satisfy certain smoothness condi-
tions between pieces. The space of the splines is determined by the order of
the polynomials and the location of knots. Suppose that we are estimating
the function fo on the interval ,1. Let = | 1 ... =1 be a par-
tition of the interval. Using the ; as knots, we have = 4 normalised B-
spline basis functions of order +1 that form a basis for the linear spline space.
We write these basis functions into a vector (t) = (By(¢),..., B (1))T. The
readers are referred to Schumaker (1 1) and He  Shi (1 ) for more details
about the constructions of those basis functions.

B-splines have two desirable properties as approximators of a smooth
function. The basis functions are locally supported, so a spline approximation
adapts nicely to local behaviour of the function to be approximated. More
importantly, it often provides good approximations with a small number of
knots. Together with computational e ciency and stability, these factors
make B-splines our preferred method of smoothing.

Let fo(t) be approximated by (¢)T , where € R is the spline co-

e cient vector. This linearises our regression model so that our regression



problem becomes

yi = (X5, ()" + (-1
where T = (3T, T)is the combined parameter vector to be estimated, and
the ;; are random errors.

We then consider an M-estimator of by minimising
s XG8 () 3 ()
i=1j=1
for a suitably chosen loss function
Typical choices for are convex and symmetric about . Two well-known
cases are least squares with () =  and the least absolute deviation with
() = . For robustness considerations, we prefer to choose a  function
with a bounded derivative; see Huber (1 1) and Hampel et al. (1 ) for
more details about the robustness of M-estimators.
Assume that is di erentiable everywhere except possibly at finitely
many points. Let () = () be the derivative of , wherever it exists.
The solution to (. ) satisfies the following gradient condition

n ' (vis &) o ()

=1 j=1
where 5 = (X;g, (t;;)7) are the combined pseudo design points for the
lineari ed problem. If is di erentiable everywhere, a Newton-Raphson
iteration can be used to find the solution to ( . ). An alternative algorithm

that does not make use of the derivative of is the following reweighted least

squares algorithm. Let be the parameter value at the th iteration. Let



= Yij i and = () 4. Then the next iteration gives

m m

b= Py isYis- ()
i=1j=1 i=1j=1

The reweighted least squares algorithm usually converges quickly but it re-
quires () to be well defined for = . A generalisation, discussed in
Hunter  Lange ( ), can be used for solving ( . ) when is not di er-
entiable everywhere. The least absolute deviation regression can be solved
e ciently through linear programming. Both S- lus and Stata software in-
clude functions that compute the least absolute deviation estimates.

In this paper, we use cubic splines with = | but linear and quadratic
splines can be used if we think that fy is less smooth. A remaining question
is the choice of knots for the space of B-splines. Knot selection is more
important for the estimat e of fy than for the estimate of and inference
about 3y. We use knots that are quantiles of the observed ¢;; s with uniform
percentile ranks. The number of knots , or equivalently | is determined by
a model selection criterion. Suppose that is the M-estimator from ( . )
with a -dimensional spline space. Let

m

B () =log{ (vii 5 )b+

=1 j=1

logn

O

be an analogue of Schwar s (1 ) information criterion. Large values of
B indicate poor fits. As we shall see in the next session, the number
of knots should increase slowly with the sample si e n for the optimal rate
of convergence. Based on our asymptotic analysis and empirical study, we

propose searching for the first, i.e. smallest | local minimumof B in the



range max{n' | } + n' . Within this range, there is usually
only one local minimum. The reason why  starts from is that for cubic
splines the smallest possible space without any internal knots is . Note also
that the global minimum of B actually occurs at a saturated model with

=n , so B is a valid criterion only for a limited range of . We
refer to He (1 ) for a similar criterion for knot selection.

Finally, we discuss the choice of . This directly relates to the question of
what we are estimating. If the error distribution is assumed to be Gaussian or
more generally symmetric, the conditional distribution of y given (z,¢) has a
natural centre, the median, so any symmetric function will give a consistent
estimator of the conditional median function T35+ fo(¢). A common choice
here is Huber s minimax M-estimator with () = min{ ,max{ , }} for
some constant . To preserve scale invariance of the estimator, can be
chosen to be proportional to a preliminary scale estimate. The least absolute
deviation estimate with () = sign( ) is a special case with = and has
automatic scale invariance. Huber s minimax M-estimator is robust against
outliers in the response variable. For its breakdown properties against both
outliers in the response and in the design, see He et al. (1 ).

Without imposing assumptions on the distributions of the ;;, we need to
understand what an M-estimator estimates. For example, the least squares
method estimates the conditional mean of y, and the least absolute deviation
estimator is the conditional median. An estimator with () = (

Y+ 1) ( ) gives the th conditional quantile of y. So our choice of

,or ,has to depend on what we are interested in.



In some applications, we are interested in investigating the impact of a
covariate on the response variable y; that is, we would be making an infer-
ence on the slope parameter gy for all or part of X. Under the assumption
of identical distributions for the ;, the slope estimates are consistently esti-
mated by a wide range of choices for . Under this scenario, robustness and
e ciency considerations may be used for the choice of . We recommend Hu-
ber s minimax estimators with equal to 1 or times a preliminary estimate
of the scale for the residuals.

In this paper, we focus on convex functions so that the optimisation
(. ) for the estimator is well defined and the problem of local minima is
avoided. With the general estimating equation approach of Liang  Zeger
(1 ), it is more di cult to address the questions of which aspect of the
conditional distribution is being estimated and what to do when there are

multiple roots to the equations.

. A vym TOTIC T ORY
To establish consistency of the M-estimator for 3y and fy, we assume that
a possible location shift of fy has been made so that 3>, 7., ()=
Let ;=(a, ,: )Tand ()=( (4a), , ()T Foranymatrix
is used for the modulus of the largest singular value of . The

?

following assumptions on  and fy are required for our asymptotic results.
Assumption 1. {n;} is a bounded sequence of positive integers.

Assumption . The th derivative of fy is bounded for some



Assumption . The function () is convex with (;)= ,forany: 1.

Furthermore, sup; , (4) , for some , and
(o) ()= & , with sup : (1)
Assumption . There exist positive numbers { ;;} with inf;;
sup,; i such that
S}l]p (i;+ ) & = (), as . ()
Assumption . There exist constants , such that

sup { (yi+ ) (a)} , as ) ()

L)

( +) () for any and ¢ R.

Under Assumption 1, the total sample si e n is of the same order of
magnitude as the number of subjects m. It also means that we have only
local dependence in the sample. The smoothness condition on fy as given
by Assumption determines the rate of convergence of the spline estimate
f = (t)T . Assumptions - on the score function are easily checked if

is di erentiable, but the general formulation here covers non-di erentiable
score functions including the least absolute deviation estimator with ( )=
sign( ).

One issue of complication for the semiparametric model comes from the
dependence between X;; and t;;. To this end, we let X;; = (241, ,xi]-p)T

and assume the relationship

z; = (tij)+ 5, 1 1 m, 1 5 mng 1 : (.)



where the () are functions whose th derivatives are bounded, and ;; are

ero-mean random variables, independent of { ;;} and of one another. Let

be the n by matrix whose th columnis =(1, ,1 , , m )5,
and let B =diag( 11, , 1, , m )and = diag( 1, , m) ben
by n diagonal matrices. Alsolet ; =( (t4), , (& )Y, =(T, , DT,
and = T
Assumption . (a) = andsup 1 ;

(bynt T and n ' TB in probability for some

positive definite matrices and

Assumption . For su ciently large n, is nonsingular, and eigenvalues of

n ! are bounded away from ero and infinity.

Assumption controls the limiting behaviour of the variance of 3. It is
satisfied if the design points {X;;,%;;} are drawn from a multivariate distri-
bution with finite second moments. Speckman (1 ) and Moyeed iggle
(I ) used a similar device for modelling the dependence between X and
t. Assumption holds almost surely if {¢;;} is a random sample and the
knots are nearly uniformly placed on 1 ; see Theorem of hen (1 1) or
Lemma .1 of He Shi (1 ).

It is important to note that the number of knots , and therefore , must
increase with the sample si e n in order to ensure a consistent estimator. In
this paper, we have suppressed the subscript n for and . On the other

hand, too many knots would increase the variance of our estimators. The

11



following theorem indicates how large should be as a function of n to obtain

the optimal rate of convergence for estimating 3y as well as fj.

If Assumptions 1-7 hold and the number of knots =

but n , then B [3y as n . urthermore, if
nt L then
rm 1
- {f(t) Solti)} = p(n ); ()

=1 j5=1

n(B  fo) (. " N ()

Here we use to mean that and  are of the same order as
n . Under rather general conditions, see for example Lemmas and
of Stone (1 ), (. ) implies that {f(¢) fo(t)} t = ,(n b,

Under the smoothness Assumption , this is the optimal rate of convergence
for estimating fo. The asymptotic normality ( . ) of 3 is useful for making
large sample inference on . To do so, we must find a consistent estimator

1

of the variance-covariance matrix 1 as defined in Assumption

Let X = (X1, ,X1 , ,X, )Tbethenby design matrix for the
linear component. Alsolet = (T ) ! Tand X =( )X. The
rows of X | just like those of X, can be divided into m blocks corresponding

to m subjects, so we have X = (X,T, X T)T. Now we define

m



where ;= ( 1, , i ), i = Yij X;]: (t;;)T ,and is the derivative

of if it exists; otherwise we use

=10+ ) ) ()

for some positive number and lim inf n . The notation
diag(.) turns a vector into a diagonal matrix in ( . ). The following theo-
rem shows that we can use  and to estimate the asymptotic variance-

covariance maftrix of 3.

Assume the conditions of Theorem 1. If we further
assume that sup;; ( ) , then and in probability.
Theorem shows that we can consistently estimate the asymptotic variance-
covariance matrix of 3 even though the correlation structure may vary with
subject and is not estimable. The moment condition on  can be weak-
ened to sup,; ( ) for some , with more careful technical

arguments than those used in the Appendix.

. Em mica v 11 ATION
We conducted a finite-sample simulation study using the longitudinal
semiparametric regression model as in Moyeed iggle (1 ). We first
draw data for m = subjects with n; = 1 measurements on each unit

from the model
yij = Bxij+cos( ty)+ i(tij)+ 4, 1=1,....m, j=1,...,1,

where the ¢;; are independent random samples from  n( ,1), z;; = ¢+ 4

with the ;; as independent random draws from ( , . ), the ;(t) (+ =

1



1,...,m) are independent replicates of a ero mean stationary Gaussian
process with covariance function ( ) = . exp( ) for some value of

€ ,1, and the ,; are random noise having ( , .1) distribution. The
value of controls the amount of correlation for the measurements from the
same unit. The extreme case of exp( )= corresponds to no correlation.

We computed both the least squares and the least absolute deviation
regression as described in . For the purpose of comparison, we also include
results from a kernel-based estimator, called the -estimator, of Moyeed

iggle (1 ). Note that the -estimator makes use of the covariance
matrix  of the repeated measures y;; within the sth unit. In our model, we
have var(y;;) = . and cov(y;j,y: ) = . exp( & ¢ )forany j= . 1In
practice, exact information about  is rarely known. The M-estimators we
consider in this paper do not require this as part of the input.

In our simulation, the number of knots for the spline approximation is
determined by B as described in . The -estimator uses the default
S- lus kernel smoothing function ksmooth with bandwidth = .1 . This
is a slightly di erent kernel from the one used by Moyeed iggle (1 ),
but our results agree quite well with theirs. As reported by Moyeed iggle
(I ., p. ), this choice of seems to give the best overall results for the

-estimator.

Three performance measures are used in Table 1, namely the mean in-
tegrated squared error for the nonparametric function estimate f, and the
bias and standard error of the slope estimate 3. The number of Monte arlo

samples is



The - and least squares estimators both estimate the conditional mean
of y. For independent data, withexp( ) = , these two estimators have sim-
ilar performances. Since the -estimator uses the correct covariance matrix
for repeated measures within each unit, we would expect it to outperform
the least squares estimator that makes no use of the covariance structure.
This is true for small to modest correlations, especially in terms of the stan-
dard errors of the 3 estimates. Somewhat surprisingly, when the correlation
is higher, the advantage of disappears and the least squares estimator
does substantially better for both the nonparametric function estimate and
the slope parameter estimate. The least absolute deviation estimator is, as
expected, less e cient than the least squares estimator when the errors are
normal.

The weak performance of for the larger values of exp( ) can be
improved upon by a modified estimator of Moyeed iggle (1 ) which
makes explicit adjustments for the dependence on ¢ of both the x and y
variables. We have not considered the e ect of such adjustments on the M-
estimators used in this paper. On the other hand, we also compared the

and least squares estimators under the same model except that z; = x;,
independent of ¢. In such cases, the modification of Moyeed iggle (1 )
makes no improvement over but the least squares estimator outperforms
for most values of exp( ).

Next we consider a situation with a small deviation from normal errors in
the model. We keep the same set-up but generate ;; from a mixture of two

normal distributions so that of the time the error is still sampled from



(, .1) but the other  of the time it comes from ( ,1 . ), interpretable
as an outlier distribution . Note that the variance of the random error,
including ;,is . without outliers, so the standard deviation of the outlier
distribution is only about times that of the others, even though the ratio
of the two variances, 1 . versus .1, may suggest a much larger relative
magnitude for the outliers. The results for this mixture error model are also
given in Table 1. In this case, we continued to use the covariance matrix
as before so the -estimator did not use a perfect covariance adjustment.
As shown in Table 1, the -estimator no longer has any advantage over
the unadjusted least squares estimator. The e ciency for the least absolute
deviation estimator is higher because of the small proportion of outliers in
the data.

Results for a larger number of subjects, not shown here, verify the n
rate of convergence for 3.

Our simulation study indicates that direct M-estimators for the condi-
tional mean or median, without any reference to the dependence structure
in the data, exhibit decent finite-sample performance when compared to es-
timators that depend on assumptions about the true correlation structure.
This is helpful because in practice, the correlation structure of longitudinal
data may vary from subject to subject so that it cannot be estimated in any
reliable way. Also, the standard errors for the estimators are consistently
estimable, which permits us to carry out valid large-sample inference about
the covariates in the usual way.

Finally, we illustrate the use of our estimators in the analysis of a longi-



tudinal hormone study. The study involves = women whose urine samples
were collected in one menstrual cycle and whose urinary progesterone was
assayed on alternate days. Zhang et al. (1 ) fitted a semiparametric mixed
model to the data, where the log-transformed progesterone level is taken to
be the response. In addition to the time e ect, two covariates are available.

They are age and body mass index (BMI). Their model can be written as
i =0 i+ B BM i+ (L) + i+ i(li) + i

where the random-e ect is the intercept ; for each subject, ;(?) is taken to
be the nonhomogeneous Ornstein-Uhlenbeck process with a specific correla-
tion structure, and the ;; are identically and independently distributed noise.
Using a penalised likelihood approach, Zhang et al. (1 ) obtained the esti-
mates of #; and 3 as ( . , . 1 ) with standard errors (1. , . ),
so neither is significant. We now use the least squares estimate for the semi-

parametric model
i = i+ 8 BM i+ (tij)+ 4

without any assumption on the dependence structure of ;; for each ¢. The
knot selection criterion ( . ) led us to using knots for fitting splines, and
the least squares estimates of the slope parameters are (1. , . 1)
with standard errors ( . , - ). The large standard errors indicate
non-significance for the parameters, consistent with the conclusion of Zhang
et al. (1 ).

Since the error distribution here is not necessarily symmetric, we can also

consider testing whether the conditional median of  has non ero slopes in



age and body mass index. For this we turn to the least absolute deviation
estimate. Again, our knot selection criterion favoured knots for fitting the
splines and the slope estimates are (1. , . ) with standard errors
(. , . 1) computed from ( . ) with = .1. No significance can be
established here. The median seems to be less negatively a ected by body
mass index than is the mean, but the large standard errors of the estimates
suggest that a much larger sample is needed to back up this point.
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A w~pI

First, we note that, under Assumption , the spline approximation of

T(t) oto fo(t) is accurate to the order of ; that is there exists a constant
o such that

s%p1 fo(t) T o 0 (A.1)

where  is the number of knots in the same order of . We refer to Schu-

maker (1 1) for more details.

Secondly, we define

=n' X 'BX,, =n' X' X (A.)

as links between ( , ) and ( , ). We have the following lemma.

1



Under the assumptions of Theorem 1, we have that
and in probability as n
For the sake of convenience, we rewrite ( . ) as X = +

Recall that X = ( )X. Thus, we can write

By (A.1), we know that there exists a matrix  such that =

(nt ), and, because is a projection matrix, we have
( ) + = ()

Assumption  implies that = {tr( )b = ,( ) and (
) = (n' ). Thus all but the first term on the right-hand side of

A. ) are 1). The first term converges to as desired. The proof of
(A.) p(1) g p
is similar.
We shall only prove ( . ) and ( . ). The first part

of the theorem, i.e. consistency, follows from similar but simpler arguments.

Let
(6 ) — 1 — ! (6 60)
’ ( o o+ Nt TX(B B
= ' =(8,)
We first show that = (") Todoso, let X;; = ' X, 4 =



V(t;) ' ;and B ;; = T(t;) o o(ti;). We now have that
{yi; X588 T(ty) Y= (4 X511 & Ry,
=1 j5=1 =1 j=1
which is minimised at

By similar arguments to those for Lemma . of He Shi(1 ), we have

for any that
sup ! (4 " Xga ' Ry (y Ry
=1 j5=1
{(s " X500 ' 5 Ry (45 Ry
HO A+ S ) (a) = () (A.)
Since X = ( )+ ), any column of X is of the order of

o(n! ). Thus sup, ; sup max{ X}; b ;5 ') Ry}t =
»(1). Similarly, we can show that

1
XijR i i

=1 j5=1

= {0 )+ ) =),

where  is a vector consisting of all R ;; ;; (1 =1,...,m,5=1,...,n;). By

Assumptions - and the fact that 3=, ; X; ;5 = , we get

! {(yg " X210 " L Ry (i R}
=1 j5=1
= ! (i+ )
=1 j5=1
= ! (X5 +05 )y



1
=—(1 ' T D S G P (A.)
i
which increases to infinity with = . irect calculations of the first and
second moments show that sup _ LD PP S Xg v (i) = H0),
and sup  _ YL, > T (4 = (). Hence, it follows from (A. )

that, for su ciently large

3

inf 1 { (i " X201 "L Ry (i Ry}
- =1 j=1
XS+ ) (a) (A.)
with probability tending to 1 as n . ombining (A. ) and (A. ) yields
inf (5 " X5+ ' 4 Ry) (i R,
- =1 3=1 =1 j=1

which implies, by the convexity of , that

. m T T m
inf (o X1 5 Ry) (o4 R )
i=1j7=1 =1 j5=1
We then conclude that = ,( ' ). The rest of the proof is similar

to those used by He  Shi (1 ) for independent data. The asymptotic

normality of  is shown by verifying that ; »7,6 ! IXT ()= ().

To show , write
= 1+ + ( );
where 1 =n 'YL, X () T() (9 T()¥X,and =0 'YL,



For any unit vector € RP, we have

sup sup (7 Jsup b (i) (6) 0 (i) ()

(A.)
= sup;;( X;g 1+ ;5 + R ;; ). By the
1

for some constant . Let

proof of Theorem 1, we have that

= ,(n ' ). By Assumptions - and

the monotonicity of , we have that

( it ysup Gt () (a) 0 (i) ()

tg

= (SZHJP {Co+ 1) (g 1)t )=(,

for any constant . It then follows from (A. ) that ; = ,(1). By
similar calculations of mean and variance for |, we show that = ,(1),
and therefore = ,(1). The proof of is similar and omitted.
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Table 1. Comparison of the D-estimator, the least s uares estimator and the
least absolute deviation estimator with m = under Normal error and under
Normal ms: ture error




